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Nonlocality and quantum entanglement constitute two special aspects of the quantum correlations
existing in quantum systems, which are of paramount importance in quantum-information theory.
Traditionally, they have been regarded as identical (equivalent, in fact, for pure two qubit states,
that is, Gisin’s Theorem), yet they constitute different resources. Describing nonlocality by means
of the violation of several Bell inequalities, we obtain by direct optimization those states of two
qubits that maximally violate a Bell inequality, in terms of their degree of mixture as measured by
either their participation ratio R = 1/Tr(ρ2) or their maximum eigenvalue λmax. This optimum
value is obtained as well, which coincides with previous results. Comparison with entanglement is
performed too. An example of an application is given in the XY model. In this novel approximation,
we also concentrate on the nonlocality for linear combinations of pure states of two qubits, providing
a closed form for their maximal nonlocality measure. The case of Bell diagonal mixed states of two
qubits is also extensively studied. Special attention concerning the connection between nonlocality
and entanglement for mixed states of two qubits is paid to the so called maximally entangled mixed
states. Additional aspects for the case of two qubits are also described in detail. Since we deal
with qubit systems, we will perform an analogous study for three qubits, employing similar tools.
Relation between distillability and nonlocality is explored quantitatively for the whole space of
states of three qubits. We finally extend our analysis to four qubit systems, where nonlocality for
generalized Greenberger-Horne-Zeilinger states of arbitrary number of parties is computed.
PACS numbers: 03.65.Ud; 03.67.Bg; 03.67.Mn
I. INTRODUCTION
Schro¨dinger’s [1] modern notion of entangled state
historically appeared within the debate of the paradox
posed by Einstein, Podolsky and Rosen (EPR) [2]. EPR
pointed out the possible lack of completeness of the new-
born theory of quantum mechanics. In their famous pa-
per they suggested a description of nature (called “local
realism”) which assigns an independent and objective re-
ality to the properties of separated parties of a composite
physical system. EPR applied the criterion of local real-
ism to predictions associated with an entangled state, a
state that cannot be described solely in terms of the prop-
erties of its subsystems, to conclude that quantum me-
chanics was incomplete. Schro¨dinger, instead, regarded
entanglement as the characteristic feature of quantum
mechanics. Quantitatively though, no measure for this
“quantum strangeness” was provided at the time.
The most significant progress toward the resolution of
the EPR debate came with Bell’s work. Bell [3, 4] proved
the impossibility of reproducing all correlations observed
in composite quantum systems using models similar to
that of EPR. In fact, Bell showed that local realism, in
the form of local variable models (LVM), implies con-
straints on the predictions of spin correlations in the form
of inequalities, also known as Bell’s inequalities, which
can be violated by quantum mechanics. That is why
quantum mechanics is regarded as being inherently non-
local.
∗ E-mail address (JB): vdfsjbv4@uib.es
If quantum mechanics could be described by LVM,
then the correlation values measured between parties
could be reproduced assuming the corresponding op-
erators had already a definite value previous to mea-
surement. Let us consider the case of the two-party
two-outcome scenario. Two distant observers possessing
a distributed state ρAB exploit the correlations arising
from
P (a, b|A,B; ρAB) = Tr[ρAB(ΠAa ⊗ΠBb )] (1)
quantum mechanically. ΠAa and Π
B
b are positive oper-
ators involving measurements of observables A and B,
with outcomes a and b satisfying AΠAa = aΠ
A
a and
BΠBb = bΠ
B
b . If a LVM could mimic the same corre-
lations
P (a, b|A,B; ρAB) =
∑
λ
P (a|A, λ)P (b|B, λ)µ(λ), (2)
with µ(λ) being a probability measure for the classical
variable λ and P (a|A, λ) and P (b|B, λ) local functions,
therefore the use of state ρAB would provide no improve-
ment over classical resources. Thus it was clear that the
notion of nonlocality of a state ρAB would emerge if there
existed no LVM that through (2) could reproduce the
quantum mechanical results of (1). Nonlocality was a
character of entangled states via violation of a Bell in-
equality.
Ever since Bell’s contribution, entanglement and non-
locality became similar terms. The nonlocal character of
entangled states was clear for pure states. In fact, all
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2entangled pure states of two qubits violate the CHSH
inequality and therefore are nonlocal [5]. The situation
became more involved when Werner [6] discovered that
while entanglement is necessary for a state to be nonlo-
cal, for mixed states is not sufficient. He also introduced
the usual (modern) definition of entangled state: given
two parties A and B, a shared state ρAB is termed un-
entangled or separable if it cannot be expressed as the
mixture of product states
ρAB =
N∑
i=1
pi|ψiA〉〈ψiA| ⊗ |ψiB〉〈ψiB |, (3)
that is, when its preparation does not require a nonlocal
quantum resource. This definition, in spite of its clear
physical meaning, is somewhat impractical, since tests
to distinguish separable from entangled states are com-
plicated.
With the advent of quantum-information theory
(QIT), the interest in entanglement has dramatically in-
creased over the years since it lies at the basis of some
of the most important processes and applications studied
by QIT such as quantum cryptographic key distribution
[7], quantum teleportation [8], superdense coding [9] and
quantum computation [10, 11], among many others which
possess no classical counterpart. All these tasks require
distributed quantum correlations between parties, and
the only means available in nature are entangled states.
Using a modern nomenclature, when a quantum state
cannot be prepared using only local operations and clas-
sical communications (LOCC), it is said that it possesses
quantum correlations and the state is entangled. Spa-
tially separated observers sharing an entangled state and
performing measurements on them may induce nonlocal
correlations which cannot be simulated by local means
(violate Bell inequalities).
Confusion between nonlocality and entanglement ap-
peared during the finer study of the usefulness of quan-
tum correlations. Entanglement is commonly viewed as a
useful resource for various information-processing tasks.
Yet, there exist certain tasks, such as device-independent
quantum key distribution [12] and quantum communica-
tion complexity problems [13], which can only be carried
out provided the corresponding entangled states exhibit
nonlocal correlations. Then we are naturally led to the
question of whether nonlocality and entanglement con-
stitute two different resources.
The purpose of the present work is to shed some light
upon the relation between entanglement and nonlocality
through the maximal violation of a Bell inequality for
two, three and four qubit systems. Throughout the ar-
ticle, and in order to avoid confusion, we will refer to
the quantity “nonlocality” as being equivalent to “maxi-
mum violation of a Bell inequality”. However, the usual
meaning of nonlocality (or that of a nonlocal state) as a
concept involving the mere violation of a Bell inequality
remains the same. Although detection and characteriza-
tion of entanglement is far from being complete, its status
is more developed than that of nonlocality. The problems
experienced in defining a unique measure of entanglement
in the multipartite case, in the form of partitions in the
system, disappear in the nonlocality case since there ex-
ists well defined Bell inequalities for multipartite systems
of arbitrary number of qubits. This fact makes the study
of nonlocality conceptually and quantitatively easier.
This paper is organized as follows. In Section II we
review recent results concerning nonlocality in bipartite
physical systems and concentrate on the CHSH Bell in-
equality [14] for two qubits. We also obtain, after a di-
rect optimization over the observers’ settings, the family
of two qubit mixed states that optimizes the violation of
the CHSH inequality for a given degree of mixture, as well
as the concomitant optimal value for CHSH. This novel
approach recovers and extends previous results found in
the literature. Our results concerning the connection be-
tween nonlocality and entanglement for mixed states of
two qubits also pay special attention to the case of the
so called maximally entangled mixed states (MEMS). As
far as the duality entanglement-nonlocality is concerned,
these very same results find too interesting echoes in a
well known condensed matter system, namely, the infi-
nite XY model. How nonlocality can be present in lin-
ear combinations of pure states of two qubits is also re-
ported, where the optimal value of the violation of the
CHSH inequality is obtained for any given superposition.
Parallelism with the role of entanglement of superposi-
tion is also discussed. Section III is devoted to the study
of entanglement and nonlocality for three qubit systems,
employing similar tools. Relation between distillability
and nonlocality is explored quantitatively for the whole
space of states of three qubits. Section IV extends the
present subject of study to four qubit systems, where
nonlocality for generalized Greenberger-Horne-Zeilinger
(GHZ) states of arbitrary number of parties is computed.
Finally, some conclusions are drawn in Section V.
II. TWO QUBITS
A. Nonlocality and the CHSH Bell inequality
LVM cannot exhibit arbitrary correlations. Mathemat-
ically, the conditions these correlations must obey can
always be written as inequalities –the Bell inequalities–
satisfied for the joint probabilities of outcomes. We say
that a quantum state ρ is nonlocal if and only if there
are measurements on ρ that produce a correlation that
violates a Bell inequality.
Most of our knowledge on Bell inequalities and their
quantum mechanical violation is based on the CHSH
inequality [14]. With two dichotomic observables per
party, it is the simplest [15] (up to local symmetries)
nontrivial Bell inequality for the bipartite case with bi-
nary inputs and outcomes. Let A1 and A2 be two
possible measurements on A side whose outcomes are
aj ∈ {−1,+1}, and similarly for the B side. Math-
3ematically, it can be shown that, following LVM (2),
|BLVMCHSH(λ)| = |a1b1 + a1b2 + a2b1 − a2b2| ≤ 2. Since
a1(b1) and a2(b2) cannot be measured simultaneously,
instead one estimates after randomly chosen measure-
ments the average value BLVMCHSH ≡
∑
λ BLVMCHSH(λ)µ(λ) =
E(A1, B1) + E(A1, B2) + E(A2, B1)− E(A2, B2), where
E(·) represents the expectation value. Therefore the
CHSH inequality reduces to
|BLVMCHSH | ≤ 2. (4)
Quantum mechanically, since we are dealing with
qubits, these observables reduce to Aj(Bj) = aj(bj) · σ,
where aj(bj) are unit vectors in R3 and σ = (σx, σy, σz)
are the usual Pauli matrices. Therefore the quantal pre-
diction for (4) reduces to the expectation value of the
operator BCHSH
A1 ⊗B1 +A1 ⊗B2 +A2 ⊗B1 −A2 ⊗B2. (5)
Tsirelson showed [16] that CHSH inequality (4) is maxi-
mally violated by a multiplicative factor
√
2 (Tsirelson’s
bound) on the basis of quantum mechanics. In fact, it
is true that |Tr(ρABBCHSH)| ≤ 2
√
2 for all observables
A1, A2, B1, B2, and all states ρAB . Increasing the size
of Hilbert spaces on either A and B sides would not give
any advantage in the violation of the CHSH inequalities.
In general, it is not known how to calculate the best such
bound for an arbitrary Bell inequality, although several
techniques have been developed [17].
A good witness of useful correlations is, in many cases,
the violation of a Bell inequality by a quantum state.
But not all entangled states are nonlocal. Although this
is the case for pure states of two qubits (CHSH inequality
violation), Werner showed that it cannot be generalized
to mixed states. After introducing the states which are
now called Werner states
ρW = p|ψ−〉〈ψ−|+ (1− p)I
4
, (6)
where |ψ−〉 is the singlet state and I is the 4×4 identity,
he provided a LVM for measurement outcomes for some
entangled states of this family. Although promising new
results have been obtained recently [18, 19], even in the
simplest case of Werner states of two qubits (6), it is
in general extremely difficult to determine whether an
entangled state has a LVM or not, since finding all Bell
inequalities is a computationally hard problem [20, 21].
Therefore we shall consider the optimization of the vio-
lation of the CHSH inequality over the observer’s settings
as a definitive measure for both signaling and quantifying
nonlocality in two qubit systems.
B. Maximal violation of the CHSH inequality and
mixedness for two qubits
What is the maximum violation of BCHSH(=
Tr(ρBCHSH) ≤ 2) for a given state ρ?
Before any attempt to proceed with a definite optimiza-
tion program, we shall undertake a detailed analysis of
the special form for BCHSH = Tr(ρBCHSH), the basic
quantity we are about to deal with. The nature of any
bipartite mixed state of two qubits is described by a pos-
itive, semi definite matrix, whose eigenvalues {λi} are
such that they 0 ≤ λi ≤ 1 and
∑
i λi = 1. In other
words, the complete description of the density matrix ρ
necessitates 42 − 1 = 15 real parameters.
Usually, the preferred basis for two qubit states is the
so called computational basis {|00〉, |01〉, |10〉, |11〉}. In
our case, it will prove convenient to employ the so called
Bell basis of maximally correlated states, which are of
the form
|Φ±〉 = (|00〉 ± e
iθ|11〉)√
2
, |Ψ±〉 = (|01〉 ± e
iθ|10〉)√
2
. (7)
Now we rise the question of wether all elements of ρ in-
tervene in the computation of BCHSH . Given a state ρ,
we make a change of basis so that we work in the Bell
basis. For simplicity, and without loss of generality, we
shall take real coefficients (θ = 0 in (7)). Due to the
special form for (5), we separate the elements of ρ (now
in the Bell basis) into two contributions, namely
ρ = ρ‖ + ρ⊥ =

ρ11 iρ
I
12 iρ
I
13 ρ
R
14
−iρI12 ρ22 ρR23 iρI24
−iρI13 ρR23 ρ33 iρI34
ρR14 −iρI24 −iρI34 ρ44
 (8)
+

0 ρR12 ρ
R
13 iρ
I
14
ρR12 0 iρ
I
23 ρ
R
24
ρR13 −iρI23 0 ρR34
−iρI14 ρR24 ρR34 0
 . (9)
This separation is motivated by the fact that only terms
in ρ‖ contribute to Tr(ρBCHSH), as one can easily
check. In other words, Tr(ρBCHSH) = Tr(ρ‖BCHSH) +
Tr(ρ⊥BCHSH) = Tr(ρ‖BCHSH). The superscripts of
the matrix elements in (8) refer to the concomitant real
(R) and imaginary (I) parts. This observation consti-
tutes the starting point of our study.
The answer to the initial question of this Section in-
volves only the elements of ρ‖ for ρ in (8). The latter fact
enormously simplifies the computation, but we neverthe-
less encounter a highly nontrivial optimization enterprise.
Fortunately, we do not require all elements of ρ‖. In-
stead, since we seek maximum nonlocality, we will con-
sider states which are diagonal in the Bell basis (null
elements off-diagonal in ρ‖ (8)), for nonlocal correlations
4concentrate after some depolarizing process [22]. Previ-
ous authors computed the entanglement and the maxi-
mum violation for the Bell inequality for Bell diagonal
states [23], and the particular form for these states [24].
In the present work, we re obtain and extend their results
by means of a specific optimization technique, which is
described in full detail in Appendix I.
For diagonal states in the Bell basis
ρ
(diag)
Bell = λ1|Φ+〉〈Φ+|+ λ2|Φ−〉〈Φ−|
+ λ3|Ψ+〉〈Ψ+|+ λ4|Ψ−〉〈Ψ−|, (10)
with eigenvalues appearing in decreasing order, we obtain
max
aj,bj
Tr(ρ
(diag)
Bell BCHSH) = 2
√
2
√
(λ1 − λ4)2 + (λ2 − λ3)2.
(11)
Recall that 2
√
2 is the maximum value allowed by quan-
tum mechanics (attained only for states (7)).
We are going to determine which is the maximum ex-
pectation value of the CHSH operator (5) that a two
qubit mixed state ρ with some degree of mixedness,
in this case given by the so called participation ratio
R = 1/Tr(ρ2), may have. Notice that no assumption
is needed regarding the state being diagonal or not in
the Bell basis. In order to solve the concomitant vari-
ational problem (and bearing in mind that BCHSH =
Tr(ρBCHSH)), let us first find the state that extrem-
izes Tr(ρ2) under the constraints associated with a given
value of BCHSH , and the normalization of ρ. This vari-
ational problem can be cast as
δ
[
Tr(ρ2) + βTr(ρBCHSH)− αTr(ρ)
]
= 0, (12)
where α and β are appropriate Lagrange multipliers.
The solution of the above variational equation is given
by
ρ =
1
2
[
αI − βBCHSH
]
, (13)
with I being the 4× 4 identity matrix. The value of the
Lagrange multiplier α is immediately obtained by the
normalization requirement, with α = 12 .
From (13) we find BCHSH , multiply it by ρ and ap-
ply the corresponding definition of BmaxCHSH , taking into
account that Tr(ρ2) = 1/R. We arrive at the result
BCHSH = Tr(ρBCHSH) = − 2
β
· 4−R
4R
. (14)
By either squaring (13) and taking the trace according
to the definition of R, or rather multiply it by BCHSH
(BCHSH is traceless) in order to get BCHSH , both ways
lead to β = −BCHSH8 . Combining either the former or
the latter result with relation (14), we finally [25] arrive
at
BmaxCHSH =
√
Tr[B2CHSH ] ·
√
4−R
4R
= 4 ·
√
4−R
4R
. (15)
This result is valid for the range R ∈ [2, 4]. The corre-
sponding state (13) can now be cast in the new form
ρII = diag
(
x, x,
1− 2x
2
,
1− 2x
2
)
, (16)
with x ∈ [0, 14 ] and diagonal in the Bell basis. In the
region R ∈ [1, 2] the form of state (16) is no longer valid.
Instead, we look for those states that stay close to pure
states (maximum nonlocality) and possess rank 2 (fol-
lowing the requirement R ∈ [1, 2]). The simplest case is
that of a state diagonal in the Bell basis, being of the
form
ρI = diag(1− x, x, 0, 0) (17)
with x ∈ [0, 12 ]. Relation (11) returns
BmaxCHSH(ρI) = 2
√
2
√
(1− x)2 + x2 =
√
8
R
. (18)
We are now in a position to answer the initial question
of this Section. Besides, we do not find the functional
form for BmaxCHSH(R) for two qubits, we do also obtain
the form for those states, states which are diagonal in the
Bell basis. We shall call these states Maximally Nonlocal
Mixed States (MNMS).
For a given value of the participation ratio R, we can
obtain a more general class of states rather than ρI (17)
and ρII (16) by letting a non-zero phase θ in (7). By do-
ing so, and rewriting the concomitant MNMS states ρI
(17) in the computational basis, one easily obtains the
family of states provided in [24]. But not only this: a
whole series of new states possessing maximum nonlocal-
ity for a given value of R are obtained by changing the
position of the eigenstates of ρI in (17). This is possible
since no preferred disposition of states in the Bell basis
is required for diagonal states (35) as far as maximum
amount of nonlocality is concerned.
Let us summarize all previous results: the maximum
amount of nonlocality attained by a mixed state ρ of two
qubits is given by
• Mixedness described by the participation ratio R =
1/Tr(ρ2)
BmaxCHSH(R) =
√
8
R
,R ∈ [1, 2]
BmaxCHSH(R) = 4 ·
√
4−R
4R
,R ∈ [2, 4]
(19)
5• Mixedness described by the maximum eigenvalue
λmax(ρ)
BmaxCHSH(λmax)
2
√
2
= (4λmax − 1), λmax ∈
[
1
4
,
1
3
]
BmaxCHSH(λmax)
2
√
2
=
√
λ2max + (1− 3λmax)2, λmax ∈
[
1
3
,
1
2
]
BmaxCHSH(λmax)
2
√
2
=
√
λ2max + (1− λmax)2, λmax ∈
[
1
2
, 1
]
(20)
One must bear in mind that states that reach the
maximum possible value for nonlocality measure BmaxCHSH
greatly depend on what measure for the degree of mix-
ture is employed. The only case where both descriptions
agree is for those states that strictly violate the CHSH
inequality, namely, the MNMS ρI (17).
C. Nonlocality for maximally entangled mixed
states
Maximally entangled mixed states (MEMS) constitute
a family of states that are maximally entangled for a
given degree of mixture, measured by the participation
ratio R = 1/Tr(ρ2). In practice, one will more often
have to deal with mixed states than with pure ones.
From the point of view of entanglement-exploitation, one
should then be interested in MEMS states ρMEMS , which
are basic constituents of quantum communication proto-
cols. The MEMS states have been studied, for example,
in Refs. [26–28]. MEMS states have been experimen-
tally encountered [29, 30]. In the computational basis
{|00〉, |01〉, |10〉, |11〉}, they are written as
 g(x) 0 0 x/20 1− 2g(x) 0 00 0 0 0
x/2 0 0 g(x)
 , (21)
with g(x) = 1/3 for 0 ≤ x ≤ 2/3, and g(x) = x/2 for
2/3 ≤ x ≤ 1. The quantity x is equal to the concurrence
C. The change of g(x)−regime ensues for R = 1.8.
Our goal is to uncover interesting correlations between
entanglement, nonlocality and mixedness that emerge
for these states. Indeed, the study of the nonlocality
of these states offers an excellent framework where to
compare the extremal cases for nonlocality and entan-
glement. The MEMS states (21) are written in the Bell
basis {|Φ+〉, |Φ−〉, |Ψ+〉, |Ψ−〉} in the form

g(x) + x2 0 0 0
0 g(x)− x2 0 0
0 0 1−2g(x)2
1−2g(x)
2
0 0 1−2g(x)2
1−2g(x)
2
 , (22)
which is to be compared with the general form for arbi-
trary states (8) in the Bell basis. The direct comparison
of MEMS states in the Bell basis yields to the conclusion
that states ρMEMS (22) behave as if they were diagonal
in the Bell basis as far as nonlocality is concerned.
This crucial observation allow us to the simple calcu-
lation of the maximum amount of nonlocality for MEMS
states to be of the form
BmaxCHSH(x) =
{
2
3
√
1 + 9x2, 0 ≤ x ≤ 13
2
√
2x, 13 < x ≤ 1
(23)
Recall that x = C, the so called concurrence. Also, it is
plain from relation (23) that any bipartite state possess-
ing x ≥ 1√
2
will violate the CHSH inequality, since no
state is more entangled that the MEMS states.
The concurrence entanglement indicator C for MNMS
states ρI (17) can be easily calculated to be C = 1 −
2x. Therefore, the relation between nonlocality BmaxCHSH
and C is such that BmaxCHSH = 2
√
1 + C2, which easily
recovers a previous result [23]. In other words, for a given
value of C, MNMS states possess the maximum possible
violation of the CHSH inequality while, on the contrary,
MEMS possess a minimum amount of CHSH violation
(2
√
1 + C2 > 2
√
2C).
As a consequence, we draw the conclusion that max-
imum entanglement for mixed states of two qubits does
not imply maximum nonlocality, though in this extremal
case nonlocality and entanglement are monotonic in-
creasing functions one of the other.
D. A physically-motivated case: the XY model
The general study of nonlocality and entanglement in
an infinite quantum system was performed in Ref. [31].
In this section we incorporate new results and generelize
previous ones in the light of the bounds encountered for
the maximum violation of the CHSH Bell inequality for
a given degree of mixture.
The general two-site density matrix for two spins along
the XY chain is expressed as
ρ
(R)
ij =
1
4
[
I+
∑
u,v
T (R)uv σ
i
u ⊗ σjv
]
. (24)
R = j − i indicates the distance between spins (not to
be confused with the participation ratio R = 1/Tr(ρ2),
{u, v} denote any index of {σ0, σx, σy, σz}, and T (R)uv ≡
〈σiu ⊗ σjv〉. Due to symmetry considerations, only
{T (R)xx , T (R)yy , T (R)zz , T (R)xy } do not vanish. Barouch et al [32]
provided exact expressions for two-point correlations, to-
gether with all the dynamics associated with an external
magnetic field h(t) along the z-axis. We shall consider
the case where h jumps from and initial value h0 to a
6final value hf at t = 0, that is, a quench (the equilibrium
case is easily recovered when hf = h0) and the R = 1
configuration (nearest neighbors).
The most remarkable result of Ref. [31] as far as non-
locality is concerned is that the maximum value for the
quantity BmaxCHSH for states (24), given by twice the ex-
pression
√
‖T(R)‖2 −min ([T (R)xx ]2, [T (R)yy ]2, [T (R)zz ]2)+ 2[T (R)xy ]2,
(25)
with T(R) = (T
(R)
xx , T
(R)
yy , T
(R)
zz ), is always ≤ 2 for any
configuration R and any non-zero value of the entangle-
ment,
Fig. 1 depicts several time evolution for the state
(24) once a quench in the external magnetic field is ap-
plied. As a consequence, we have a nonergodic evolution
in time, which translates into oscillating values for both
BmaxCHSH and R. The previous time dependent cases cor-
respond to Fig. 1(a) and Fig. 1(b). The static case is de-
picted in Fig. 1(c), where nonlocality improves for states
approaching the Ising case (γ = 1). Several time evolu-
tion plots appear in Fig. 1(d) for BmaxCHSH and the entan-
glement of formation for states (24), together with the
thermodynamic magnetization Mz after a quench from
h0 = 0.5 to hf = 0. All these three quantities possess
a nonergodic behavior, which is not surprising for they
ultimately depend on two point spin correlators, which
in turn are nonergodic quantities [31].
In Fig. 2, we consider the maximum value for BmaxCHSH
and the concurrence C that any state of the type (24) can
have. The value for the factorizing field hs =
√
1− γ2
for which states (24) are separable [32] correspond to
zero concurrence, that is, a line at the bottom of the
plot. In the language of mixedness, the magnetic field
h and the mixture of the state go in opposite directions:
the greater the former, the lesser the latter. This is so
because as h → ∞, we approach a pure state (R = 1)
with both spins down. In the surface γ = constant we
encounter that both BmaxCHSH and C diverge (their first
derivative with respect to h), thus signaling a quantum
phase transition (except for the isotropic case γ = 0).
As we can see, the notion of nonlocality and entan-
glement as different resources appear in a real physical
system. The necessity of the violation of some Bell in-
equality for some information-theoretic tasks and its rela-
tion to entanglement makes the whole picture a bit more
intriguing with this physical case.
E. Nonlocality vs entanglement for linear
combinations of pure states of two qubits
Nonlocality may also exhibit interesting features for
pure states. In our case we shall consider states of the
form
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FIG. 1. (Color online) (a) Value of BmaxCHSH vs R for sev-
eral time evolutions of the external perpendicular magnetic
field in the XY model. The solid curve corresponds to
the case (h0 = 0.5, hf = 0). From left to right, both
BmaxCHSH and R oscillate around their concomitant final (non-
equilibrium) values. The lower dashed curve depicts the case
(h0 = 0.75, hf = 0), with a similar behavior. Notice that in
either cases the maximum value of BmaxCHSH(R) (upper solid
line) is never crossed. (b) Similar curves for (h0 = 1, hf = 0)
(solid curve) and (h0 = 2, hf = 0) (lower dashed curve). (c)
BmaxCHSH vs R plots for several anisotropy values (from bot-
tom to top) γ = 0, 0.1, 0.3, 0.5, 1. As the magnetic field h
increases from 0 to∞ (no time evolution), the curves go from
right to left (decreasing R-values for the two qubit states).
It is plain from this series of plots that no violation of the
CHSH Bell inequality occurs. (d) Time evolution of BmaxCHSH
(lower solid curve), entanglement E (long dashed curve) and
the magnetization Mz (short dashed curve) after the quench
(h0 = 0.5, hf = 0). E and Mz have been shifted two units
upwards. All these three quantities are nonergodic. See text
for details.
|φ〉 =
√
λ1|Φ+〉+
√
λ2|Φ−〉+
√
λ3|Ψ+〉+
√
λ4|Ψ−〉, (26)
with real coefficients {√λi}. This particular form clearly
constitutes an extension of the analysis performed for
two qubit mixed states diagonal in the Bell basis. All
the details of the optimization of the CHSH inequality
for states (26) is given in Appendix I. The final result is
2
√
2
√
(λ1 + λ4)2 + (λ2 + λ3)2. (27)
We know by virtue of Gisin’s theorem [5] that pure
bipartite entanglement implies violation of the CHSH
inequality. The question is wether that dependency
changes when we consider the case of linear combina-
tions. The corresponding answer is no, because otherwise
it would imply a preferred choice for the state basis.
The value (27) for maximum violation of the CHSH
inequality is to be compared with the measure of entan-
glement for the state (26)
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FIG. 2. (Color online) Plot of the nonlocality measureBmaxCHSH
(upper surface) and twice the concurrence C (lower surface)
for any value of the anisotropy γ and the external perpendic-
ular magnetic field h for two qubit states (nearest neighbors)
in the XY model. It is plain that no violation of the CHSH
Bell inequality occurs, regardless of the non-zero value for the
entanglement indicator C. See text for details.
C2 = 4 det ρA/B = 1− 4(λ1 + λ4)(λ2 + λ3). (28)
Strictly speaking, the concurrence or its squared value
C2 are not proper measures of entanglement, for they do
not comply with the usual basic requirements [33]. How-
ever, they are widely used as useful entanglement quan-
tifies (they are monotonic functions of the entanglement
of formation Ef (·) [34], which is a good measure).
Taking into account the form for C2 (28), and the value
for BmaxCHSH (27), we derive the relation
BmaxCHSH =
√
4C2 + 4, (29)
which is the same result we would obtain for a pure state
of two qubits written in the Schmidt basis. Had we as-
sumed result (29) to hold for any state, we would have
obtained the relation (27) for the maximum violation of
the CHSH inequality without recourse to any optimiza-
tion technique.
Formula (27) has interesting echoes when compared
to the entanglement of the same superposition of states.
Entanglement of superposition of states was originally
conceived in Ref. [35], where interesting bounds for the
superposed state were obtained in terms of their con-
stituents. In our case, result (27) permits us to establish
similar bounds for maximum violation of the CHSH in-
equality. This framework offers a link between the char-
acterization of nonlocality and entanglement, where their
mutual intricacies become more apparent.
As obtained before, we know by virtue of Gisin’s the-
orem [5] that nonlocality implies entanglement (and vice
versa) for pure two qubit states, but nothing is said re-
garding their particular characterization. Let us illus-
trate, before embarking on our study, what happens when
we consider the nonlocality present in the superposed
state
|θ〉 = α|01〉+ β|Φ+〉, (30)
with BmaxCHSH(|01〉) = 2 and BmaxCHSH(|Φ+〉) = 2
√
2. Pre-
sumedly, nonlocality of state |θ〉 should be lowered by the
action of non correlated |01〉. Indeed, we have
BmaxCHSH(|θ〉) = 2
√
2− α2(2− α2) = 2
√
2−
√
2α2+O(α4).
(31)
This example shows that BmaxCHSH and the fidelity between
states within the linear combination simultaneously and
continuously change, a fact that does not occur for the
entanglement of linear combination of states [35].
Theorem 1: Given a set of M orthogonal pure states
of two qubits {|φi〉}Mi=1, with
∑M
i=1 α
2
i = 1 (αi ∈ R), the
concomitant maximum nonlocality measure obeys
BmaxCHSH2
( M∑
i=1
αi|φi〉
)
≥
M∑
i=1
(αi)
4BmaxCHSH2(|φi〉). (32)
Proof: Spanning the set of states {|φi〉}Mi=1 in the Bell
basis, by recourse to (27) and expanding quadratic terms,
the remaining part on the right hand side of is a strictly
positive quantity, from hence we directly compute the
nonlocality of superposition as stated in Theorem 1. The
upper bound for BmaxCHSH2
(∑M
i=1 αi|φi〉
)
is easily ob-
tained by individually optimizing each term in the argu-
ment {|φi〉}, and taking into account each contribution
arising from 2Re
[BmaxCHSH(〈φi|φj〉)], ∀ i 6= j.
Theorem 1 and the concomitant upper bound connect
the way nonlocality of a superposed state is distributed
among its constituents, in a similar fashion as entangle-
ment in Ref. [35]. More details on superposition of states
will be described elsewhere [36].
III. THREE QUBITS
A. Nonlocality for three qubit states. Application
to the XY model
We shall explore nonlocality in the three qubit case
through the violation of the Mermin inequality [37]. This
inequality was conceived originally in order to detect
genuine three-party quantum correlations impossible to
reproduce via LVMs. The Mermin inequality reads as
Tr(ρBMermin) ≤ 2, where BMermin is the Mermin oper-
ator
8BMermin = Ba1a2a3 −Ba1b2b3 −Bb1a2b3 −Bb1b2a3 , (33)
with Buvw ≡ u·σ⊗v·σ⊗w·σ with σ = (σx, σy, σz) being
the usual Pauli matrices, and aj and bj unit vectors in R3.
Notice that the Mermin inequality is maximally violated
by Greenberger-Horne-Zeilinger (GHZ) states. As in the
bipartite case, we shall define the following quantity
Merminmax ≡ max
aj,bj
Tr(ρBMermin) (34)
as a measure for the nonlocality of the state ρ. While
in the bipartite the CHSH inequality was the strongest
possible one, this is not the case for three qubits. The
Mermin inequality is not the only existing Bell inequality
for three qubits, but it constitutes a simple generalization
of the CHSH one to the tripartite case. Therefore, it will
suffice to use this particular inequality to illustrate the
basic results of the present work.
In view of the previous definitions, we are naturally led
to the question of what class of three qubit mixed states
possesses a maximum amount of nonlocality (34), how
does it look like and what it amounts for. Let us recall
that the family of pure states of three qubits |Ψ±j 〉 =
(|j〉 ± |7− j〉)/√2 forms a basis, the so called GHZ basis
or Mermin basis, and that these states maximally violate
the Mermin inequality. But what is the state of affairs for
the general, mixed case? Given a state ρ, it can always
be transformed into the state
ρ
(diag)
Mermin =
3∑
j=0
(λ+j |Ψ+j 〉〈Ψ+j |+ λ−j |Ψ−j 〉〈Ψ+j |), (35)
a state which is diagonal in the Mermin basis, for non-
local correlations concentrate after the action of some
depolarizing process [22]. Without loss of generality, we
can assume the eigenvalues of (35) to be sorted in de-
creasing order, that is, λ+0 ≥ λ−0 ≥ · · · ≥ λ+3 ≥ λ−3 ,
since otherwise it could be adjusted by a local unitary
operation.
The details of the optimization are given in Appendix
II. However, the maximum violation of the Mermin in-
equality is given by the quantity
Merminmax 5 4
√√√√ 3∑
j=0
(λ+j − λ−j )2. (36)
The exact form for Merminmax is rather unpleasant.
In practice, the previous bound is an excellent one,
differing from the exact one by a small amount and
being equal in those cases where we have a high degree
of symmetry in the state. For most practical purposes,
one can consider the equality in (36) to hold.
We can encounter too interesting nonlocality features
if we focus our attention to the case of pure states of
three qubits being linear combinations in the Mermin
basis |Ψ±j 〉 = (|j〉 ± |7 − j〉)/
√
2. That is, states of the
form
|φ〉 =
8∑
j=1
√
λ±j |Ψ±j 〉, (37)
with real coefficients {
√
λ±j } such that
∑8
j=1 λ
±
j = 1.
Detection and characterization of entanglement in mul-
tipartite systems constitutes a hot research topic in QIT.
However, no necessary and sufficient criterion is avail-
able to date that discriminates wether a given state of a
multipartite system is entangled or not. Indeed, highly
entangled multipartite states raise enormous interests in
quantum information processing and one-way universal
quantum computing [38]. They are essential for several
quantum error codes and communication protocols [39],
as they are robust against decoherence.
In spite of the previous unbalanced present status be-
tween entanglement and nonlocality, the relation between
both quantities for three qubits is seen in a new light
when we study both resources for those states that at-
tain the maximum possible nonlocality value given by
expression (36). One way is to consider what class of par-
ticular states (35) is maximally nonlocal for a given value
of their degree of mixture, which is a tool employed to
characterize mixed states. If we choose the participation
ratio R = 1/Tr(ρ2), we can obtain what is the functional
form of (36) in terms of R.
This procedure is virtually identical to the variational
calculation performed for two qubit mixed states. Fol-
lowing the exact treatment as in Eq. (12), and taking
into account that Tr[B2Mermin] = 32, we obtain
Merminmax(R) ∝
√
8−R
8R
. (38)
The constant in (38) is obtained by requiring
Merminmax to be equal to 4 for pure states (R = 1). One
class of states that possess the previous optimal value is
ρdiag = (1 − 7x, x, x, x, x, x, x, x), which is, interestingly
enough, the generalized Werner state for three qubits
ρn=3W = x˜|GHZ〉〈GHZ|+
1− x˜
8
I8, (39)
where I8 is the 8 × 8 identity matrix, and x˜ = 1 − 8x.
Notice that this was not the case for the two qubit in-
stance.
This interesting feature enables us to discuss the dif-
ferent ranges for R where to compare nonlocality and
presence of genuine tripartite entanglement. On the one
hand, from (38) we obtain the nonlocality critical value
9R1 = 32/11 u 2.9: no three qubit states possess any non-
locality for participation ratios R ≥ R1. On the other
hand, the special nature of generalized Werner states al-
low us to compute the separability threshold between en-
tanglement and separability [40]. From Ref. [40], the
contribution x˜ in (39) is such that x ≤ 1/5 involves ab-
sence of entanglement. Translated into R-language, it
implies a second critical value R2 = 25/4 = 6.25: no
three qubit states possess entanglement for participation
ratios R ≥ R1.
Therefore, the range of R-values splits into three
regions: i) between 1 (pure states) and R1, maxi-
mum amounts of nonlocality imply the presence of
entanglement; ii) between R1 and R2 we have no
violation of the Mermin inequality, yet there exists
entanglement; finally, iii) region between R2 and R = 8
(maximally mixed state) displays absence of both
magnitudes. Notice, however, that in appearance there
is some room left for LVM to hold in the second re-
gion, where no violation of the Mermin inequality occurs.
The exploration of nonlocality and entanglement for
three qubit states would be incomplete without an spe-
cific example of their applicability, such as the possible
information-theoretic tasks limitations imposed by the
former on the latter. There is one such case, which is the
well-known infinite XY model in a transverse magnetic
field [32]. This instance was explored in detail in Ref.
[31].
The XY model is completely solvable, a fact that al-
lows us to compute the reduced density matrix for three
spins without the explicit construction of the global infi-
nite state of the system. The reduced state of three spins
reads as
ρ
(a,b)
ijk =
1
8
[
I+
∑
u,v,w
T (a,b)uvw σ
i
u ⊗ σjv ⊗ σkw
]
, (40)
where i < j < k indicate the positions of the three spins
and a = j− i, b = k− j their relative distances. {u, v, w}
denote indexes of the Pauli matrices {σ0, σx, σy, σz}, and
T
(a,b)
uvw ≡ 〈σiu ⊗ σjv ⊗ σkw〉ab. The calculation of the three-
spin correlations T
(a,b)
uvw were computed in Ref. [31] by
using the Wick theorem in quantum field theory.
The most significant result is that, for any value of
the anisotropy and external magnetic field, we have
Merminmax to be less than or equal to
√
4
(
T
(a,b)
zzz
)2
+ 4
(
T
(a,b)
zxx
)2
+ 4
(
T
(a,b)
xzx
)2
+ 4
(
T
(a,b)
xxz
)2
,
(41)
which is always ≤ 2 for any configuration of the spins
(a,b) yet there is no null entanglement. This constitutes
a clear sign that states (40) never violate the Mermin in-
equality, which entails an inherent limitation to the use-
fulness of entanglement itself. Furthermore, these states
are shown to be distillable in most of the cases, which is a
novel result: we have three-party distillable states in the
XY model with no violation of the Mermin inequality.
The distillability issue constitutes the subject of the next
section.
B. Distillability and nonlocality for three qubit
states
Distillability and the violation of Bell inequalities –
nonlocality– constitute two manifestations of entangle-
ment. While the former is related to the usefulness in
quantum information processing tasks, due to the fact
that most of them require pure-state entanglement as a
key ingredient, the latter expresses the fact that a state
cannot be simulated by classical correlations. In this
vein, Gisin relates both resources when he points out in
Ref [41] the question of wether there exists any bound
entangled state that violates some Bell inequality. By
bound entangled state one implies a state that cannot be
distilled by means of local operations and classical com-
munications. In the bipartite case, it has been shown [42]
that no bound state violates the CHSH inequality.
The separability criteria borrowed from the bipartite
case, which employ positive partial transposition [43] for
all parties, are all approximate. Nevertheless, this cri-
terion based on the positivity of the ensuing partially
transposed matrix ρTj has a very interesting application.
Notice that if a three qubit state ρ has positive ρTj for
all j = 1, 2, 3, where Tj represents partial transposition
for the system j, then it is said that the state is GHZ-
distillable, that is, one can distill a GHZ state from many
copies of ρ by LOCC [44].
One of of questions that we want to address is wether
there exists any nonlocal bound entangled state of three
qubits. After applying a series of local transformations,
one can convert any state into one belonging to the fam-
ily ρ
(diag)
Mermin (35). For a state of three qubits to be non-
distillable (bound entangled), any of the subsequent fol-
lowing inequalities must hold:
ρT1 > 0⇒
{
λ+2 + λ
−
2 > λ
+
1 − λ−1
λ+3 + λ
−
3 > λ
+
0 − λ−0
⇒ λ+0 + λ+1 <
1
2
,
ρT2 > 0⇒
{
λ+2 + λ
−
2 > λ
+
0 − λ−0
λ+3 + λ
−
3 > λ
+
1 − λ−1
⇒ λ+0 + λ+1 <
1
2
,
ρT3 > 0⇒
{
λ+1 + λ
−
1 > λ
+
0 − λ−0
λ+3 + λ
−
3 > λ
+
2 − λ−2
⇒ λ+0 + λ+2 <
1
2
,
(42)
where the last inequality in each case is a consequence
of the sum of the previous two. None of the previous
inequalities for the eigenvalues of states diagonal in the
Mermin-basis is compatible with (34) being greater than
2, which implies that no bound entangled state is present
in Mermin-diagonal mixed states of three qubits that vi-
olates the Mermin inequality.
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FIG. 3. Probability (density) distribution for the bound to
nonlocality measure Merminmax (34) for all pure and mixed
states of three qubits diagonal in the Mermin basis. See text
for details.
A complementary Monte Carlo numerical survey was
performed over a set of 109 sample states generated
with a uniform distribution for the set {λi} of the con-
comitant eigenvalues. This exhaustive, random explo-
ration confirms the previous result. Fig. 3 depicts the
probability (density) distribution for nonlocality measure
Merminmax (34). Notice the strong biased behavior to-
wards no Mermin inequality violation, as well as the rel-
ative scarcity of those states with some nonlocality.
A previous work [45] considered too the connexion be-
tween distillability and violation of the Mermin inequal-
ity for three qubits. It was concluded there that for a
particular 4 parameter three qubit states, nonlocality im-
plied Mermin-distillability. With our analysis, which em-
braces a more general class of states, we find that this
is not the case. In point of fact, our numerical explo-
ration obtains a probability 0.293 to find distillable states
with no violation of the Mermin inequality, whereas those
states that being distillable and achieving some nonlocal-
ity nearly possess a zero-measure (probability of 0.008).
The vast majority of states are found, with probability
0.698, both bound entangled and with no violation of the
Mermin inequality.
In view of our results, it seems plausible to assume
that mixed states of three qubits with high amounts
of Mermin nonlocality, which are likely to be Mermin-
diagonal, possess no bound entanglement and are thus
non-distillable.
IV. FOUR QUBITS
The first Bell inequality for four qubits was derived by
Mermin, Ardehali, Belinskii and Klyshko [46]. It con-
stitutes of four parties with two dichotomic outcomes
each, being maximum for the generalized GHZ state
(|0000〉 + |1111〉)/√2. The Mermin-Ardehali-Belinskii-
Klyshko (MABK) inequality reads as Tr(ρBMABK) ≤ 4,
where BMABK is the MABK operator
B1111 −B1112 −B1121 −B1211 −B2111 −B1122 −B1212
−B2112 −B1221 −B2121 −B2211 +B2222 +B2221
+B2212 +B2122 +B1222,
(43)
with Buvwx ≡ u·σ⊗v·σ⊗w·σ⊗x·σ with σ = (σx, σy, σz)
being the usual Pauli matrices. As in previous instances,
we shall define the following quantity
MABKmax ≡ max
aj,bj
Tr(ρBMABK) (44)
as a measure for the nonlocality content for a given state
ρ of four qubits. aj and bj are unit vectors in R3. MABK
inequalities are such that they constitute extensions of
previous inequalities with the requirement that gener-
alized GHZ states must maximally violate them. New
inequalities for four qubits have appeared recently (see
Ref. [47]) that possess some other states required for
optimal violation. In the present study we limit our in-
terest to the MABK inequality, although new ones could
be incorporated in order to offer a broader perspective.
However, with respect to entanglement, little is know for
the quadripartite case, and thus little comparison can be
done.
A. Nonlocality for four qubit states. Extension to
generalized GHZ states
The maximization of the MABK inequality
Tr(ρBMABK) ≤ 4 for four qubits mixed states is
done along similar lines as previously performed for
bipartite and tripartite cases. Demanding maximum
amount of nonlocality (44) is tantamount as com-
puting their optimum values for those states that
concentrate nonlocal correlations. In the case of four
qubits, those maximally correlated states are the
ones which are diagonal in the Bell4 basis defined by
|Ψ±j 〉 = (|j〉 ± |15− j〉)/
√
2. Therefore we shall consider
the following class of four qubits mixed states
ρ
(diag)
MABK =
7∑
j=0
(λ+j |Ψ+j 〉〈Ψ+j |+ λ−j |Ψ−j 〉〈Ψ+j |), (45)
with ordered eigenvalues λi+1 ≥ λi.
Computation of one term Bαβγδ ≡ α·σ⊗β·σ⊗γ·σ⊗δ·σ
of the MABK operator (43) for the Bell4 basis reads as
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〈Bαβγδ〉±0 = αzβzγzδz ±Re[α+β+γ+δ+],
〈Bαβγδ〉±1 = −αzβzγzδz ±Re[α+β+γ+δ−],
〈Bαβγδ〉±2 = −αzβzγzδz ±Re[α+β+γ−δ+],
〈Bαβγδ〉±3 = αzβzγzδz ±Re[α+β+γ−δ−],
〈Bαβγδ〉±4 = −αzβzγzδz ±Re[α−β+γ−δ−],
〈Bαβγδ〉±5 = αzβzγzδz ±Re[α+β−γ+δ−],
〈Bαβγδ〉±6 = αzβzγzδz ±Re[α−β+γ+δ−],
〈Bαβγδ〉±7 = −αzβzγzδz ±Re[α−β+γ+δ+],
(46)
Gathering all pure-state expectation values,
Tr(ρ
(diag)
MABKBMABK) is of the form
7∑
j=0
±f(Πzj )(λ+j + λ−j ) + g(α, β, γ, δ)(λ+j + λ−j ), (47)
with f(·) is a real function of the product of all z-
components of the four parties’ settings, and g(·) rep-
resents a real function of several products of all parties’
components, all of them according to the special form of
the MABK Bell inequality operator (43).
The maximum value of (47) is attained with f(Πzj ) = 0,
that is, no z-dependency. Similarly to the calculations
carried out in Appendices I and II, the optimum value of
the violation of the MABK inequality Tr(ρBMABK) ≤ 4
for mixed states (45) is of the form
max
aj,bj
Tr(ρBMABK) 5 4
√
2
√√√√ 7∑
j=0
(λ+j − λ−j )2. (48)
The exact form for (48), obtained by recourse to convex
optimization, is extremely complicated (combination of
rational functions of radicals involving integer powers of
(λ+j − λ−j )). As in the case of three qubits, the previous
bound is an excellent one, and hence we can consider the
equality in (48) as a close or exact measure of the amount
of nonlocality present in a Bell4 diagonal mixed state of
four qubits.
When comparing this last result for four qubits
with those of two and three qubits, we see that all
three cases involve the same functional form for the
eigenvalues of the mixed multipartite state diagonal in
the concomitant maximally correlated basis. This is
not surprising since the Bell inequalities considered so
far are multipartite generalizations of the CHSH Bell
inequality [46]. Therefore we can conjecture the form for
the maximal violation of the n-party generalized MABK
inequality Tr(ρBMABK) ≤ 4 for a mixed state diagonal
in the corresponding maximally correlated basis.
Conjecture. The maximum amount of violation of n-
party generalized MABK inequalities for diagonal n-qubit
mixed states is equal or less to
2
n+1
2
√√√√2n−1−1∑
j=0
(λ+j − λ−j )2. (49)
Generalized GHZ states are those states of N parties
√
p|0〉+
√
1− p|2N−1 − 1〉 = cosα|0〉+ sinα|2N−1 − 1〉
(50)
who maximally violate the MABK inequality [46]
Tr(ρBMABKN ) ≤ BLVMMABKN , where BLVMMABKN stands
for the maximum violation allowed by a local variable
model. We denote the quantal maximum violation [46]
by BQMMABKN = 2
N+1
2 .
The maximum value for the corresponding MABK in-
equality for states (50) is obtained by exactly following
the optimization procedures carried out in the Appen-
dices. In point of fact, GHZ states (50) are linear com-
binations of two pure states that can be written in the
corresponding maximally correlated basis for that par-
ticular number of parties. That is, we can rewrite for
convenience states (50) in the form
(√
p
2
+
√
1− p
2
)
|Φ+0 〉N +
(√
p
2
−
√
1− p
2
)
|Φ−0 〉N
=
√
λ1|Φ+0 〉N +
√
λ2|Φ−0 〉N ,
(51)
with λ1,2 =
1
2 ±
√
p(1− p) (λ1 ≥ λ2). This new form
enables us to treat generalized GHZ as linear combina-
tions of maximally correlated states in a similar fashion
as performed for two qubit states.
After some algebra, we obtain that the leading term
in the violation goes as 2BQMMABKN
√
p(1− p) (sym-
metric around p = 12 ), from which we reobtain, after
equating it to BLVMMABKN , the well known result [48]
sin 2α ≤ 1/
√
2N−1. Thus, by employing our optimiza-
tion procedure, we not only recover the range where
generalized GHZ states violate a Bell inequality, but
also obtain its exact amount.
As far as entanglement for four qubits is concerned,
we encounter a considerable discrepancy between max-
imum entanglement and nonlocality. First of all, it is
well known that no proper entanglement measure is op-
erational yet for states living in arbitrary Hilbert spaces.
However, some measures (for pure states) based on par-
titions of the system have been advanced, such as the
so-called global entanglement (GE), which describes the
average entanglement of each qubit of the system with
the remaining N − 1 qubits. The GE measure is widely
regarded as a legitimate N -qubit entanglement measure
[49–51]. Having a general mixed state implies that the
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previous measures do not apply as such. To overcome this
fact we require the extension of these partition-based en-
tanglement measures by recourse to the usual convex roof
[52] defined over some given set of pure states. Given the
extraordinary numerical effort that this procedure would
imply, an alternative measure is given by the sum of the
von Neumann entropy of the reduced density matrices of
all individual qubits, that is, SvN =
∑N
i SvN (ρi). Inci-
dentally, it has also been considered as a proper entan-
glement measure in the literature [53].
It is in this sense that, when employing the sum of
the von Neumann entropy of all partitions of a state,
the maximum is reached [54] for a particular (pure) state
different from the generalized GHZ state for four qubits
(which is not the case for two or three qubits). Therefore
we encounter that maximum entanglement does not cor-
respond to maximum nonlocality for four qubits already
at the level of pure states. The analysis for mixed states
–not performed here– would simply confirm this result.
V. CONCLUSIONS
In the present work we have studied how nonlocality is
present in systems of two, three and four qubits. We have
exhaustively explored several aspects that are shared by
quantum entanglement and nonlocality –measured by
the maximum violation of a Bell inequality– as well as
pointed out those ones that differentiate these two mag-
nitudes. By highlighting those issues that concern en-
tanglement and nonlocality, we shed a new light on the
connections that exists between these two concepts that
play a paramount role in quantum-information theory
and, in turn, in the foundations of quantum mechanics.
By means of a new optimization method, we have com-
puted the maximum violation of the CHSH inequality for
two qubit systems and obtained the concomitant maxi-
mal states MNMS within the context defined by the de-
gree of mixture, as measured by either the participation
ration R of the maximum eigenvalue λmax of the state ρ.
The direct comparison with MEMS states illustrates an
anomaly that appears between entanglement and nonlo-
cality already for mixed states of two qubits, enhanced
by the information-theoretic tasks limitations that ap-
pear in the study of bipartite states in the infinite XY
model. The study of nonlocality for linear combinations
of pure states of two qubits allowed us to compare how
both nonlocality and entanglement are distributed in the
pure state superposition.
The extension to three qubit states was done along sim-
ilar lines, employing the maximal violation of the Mermin
inequality as a nonlocality measure. Analogous compu-
tations allowed us to obtain the expression for the nonlo-
cality present in mixed states diagonal in the GHZ basis.
We obtained that the generalized Werner states for three
qubits possess maximum nonlocality for a given value of
the degree of mixture, contrary to the two qubit scenario.
Also, we extend a previous result concerning distillability
and nonlocality in the light of quantum entanglement.
The study of four qubit systems was performed fol-
lowing the same steps as in the previous two cases: by
maximizing the MABK inequality for four qubits, we ob-
tained the maximum violation of this nonlocality measure
for mixed states diagonal in the Bell4 basis. As a conse-
quence, a careful quantitative analysis is performed for
generalized GHZ states as well. As far as entanglement
is concerned, we observe the first discrepancy between
maximum entangled and optimal nonlocality already for
pure sates of four qubits. Obviously, the MABK inequal-
ities are not the only existing Bell inequalities for states
of arbitrary number of qubits, but because it constitutes
a simple generalization of the CHSH inequality (never-
theless, some authors introduce other inequalities that
incorporate the MABK ones as special cases [55]), it has
been enough to make use of this particular family of in-
equalities to illustrate the basic results of the present
work. Some further work will be required regarding dif-
ferent multipartite Bell inequalities.
Despite the fact that for small quantum systems we
recognize a simple correlation between entanglement and
nonlocality, the entire situation becomes more involved
when the dimension of the Hilbert space of the system
or subsystems augments. This fact is certainly transcen-
dental for several information-theoretic task require the
presence of either quantities. Physical situations such as
the one encountered in theXY model, were null nonlocal-
ity for two or three parties is compatible with non-zero
entanglement, do not contribute to unify the ultimate
quantum correlations that define the state of a quantum
system. Rather, we are tempted to regard nonlocality
and entanglement as different quantum resources in view
of the undefined limits between them.
On the whole, however, many aspects that also concern
nonlocality and entanglement have not been considered
here. One such example could be the so called monogamy
of entanglement, a fundamental property stating that if
two quantum systems are maximally correlated (maxi-
mum entanglement), then they cannot be correlated with
a third party. This is, for instance, the basis for se-
cure quantum key distribution based on entanglement
[7]. The fact that this trade-off also occurs for nonlocal-
ity [56] in the multipartite case constitutes an issue that
surely deserves future study.
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APPENDIX I
The goal of this appendix is to derive the maximum vi-
olation of the CHSH inequality (4) for two qubit systems.
Such endeavor might render somewhat difficult the study
of the general instance, but this is not the case for there
is no need to explore the whole space of mixed states
of two qubits. Since we require Tr(ρBCHSH), which is
a convex function of the two qubit state ρ, to be maxi-
mum, it suffices to consider those states that concentrate
all quantum correlations after the action of a depolariz-
ing channel [22]. This class of states are, as expected,
the Bell diagonal states.
The optimization is taken over the two ob-
servers’ settings {aj,bj}, which are real unit vec-
tors in R3. We choose them to be of the form
(sin θk cosφk, sin θk sinφk, cos θk). With this parame-
terization, the problem consists in finding the supre-
mum of Tr(ρBCHSH) over the {k = 1 · · · 8} angles of
{a1,b1,a2,b2} that appear in (5).
The general form entering the Bell operator (5) for one
single entry is of the kind α · σ ⊗ β · σ. Written in the
computational basis {|0〉, |1〉}, we have
 αzβz αzβ
− α−βz α−β−
αzβ
+ −αzβz α−β+ −α−βz
α+βz α
+β− −αzβz −αzβ−
α+β+ −α+βz −αzβ+ αzβz
 , (52)
with α± = αx ± iαy and β± = βx ± iβy. The evaluation
of (52) for all states in the Bell basis reads as
〈α · σ ⊗ β · σ〉Φ± = αzβz ±Re[α+β+],
〈α · σ ⊗ β · σ〉Ψ± = −αzβz ±Re[α+β−].
(53)
The expression for Tr(ρ
(diag)
Bell BCHSH), with eigenvalues
λ1 ≥ λ2 ≥ λ3 ≥ λ4, can be cast as
(
(λ1 − λ4)− (λ2 − λ3)
)
[ax1(b
x
1 + b
x
2) + a
x
2(b
x
1 − bx2)]
+
(
(λ2 + λ3)− (λ1 + λ4)
)
[ay1(b
y
1 + b
y
2) + a
y
2(b
y
1 − by2)]
+
(
(λ1 − λ4) + (λ2 − λ3)
)
[az1(b
z
1 + b
z
2) + a
z
2(b
z
1 − bz2)].
(54)
Eigenvalue coefficients in the first and second terms of
(54) are strictly positive, whereas in the second one it is
undefined. By rearranging terms in (54), we obtain
(λ1 − λ4)
[
az1(b
z
1 + b
z
2) + a
z
2(b
z
1 − bz2)
+
(
ax1(b
x
1 + b
x
2) + a
x
2(b
x
1 − bx2
)]
+(λ2 − λ3)
[
az1(b
z
1 + b
z
2) + a
z
2(b
z
1 − bz2)
−(ax1(bx1 + bx2) + ax2(bx1 − bx2))]
+∆λ
[
ay1(b
y
1 + b
y
2) + a
y
2(b
y
1 − by2)
]
,
(55)
with ∆λ ≡ (λ2 +λ3)− (λ1 +λ4) possessing no clear sign,
which would imply some further insight. However, on the
contrary, this fact points out that no y-dependency makes
(55) even greater. Also, the symmetry in (55) allows us
to choose the alignment of one of the settings. From
inspection of (55), we therefore optimize it by choosing
{a1 = (1, 0, 0),a2 = (0, 0,−1),b1 = (bx1 , 0,−bz2),b2 =
(bx2 , 0, b
z
2)}.
The final concomitant result amounts to
max
aj,bj
Tr(ρBCHSH) =
max
bx1 ,b
z
2
2(λ1 − λ4)[bz2 + bx1 ] + 2(λ2 − λ3)[bz2 − bx1 ] =
max
Θ
[
2
√
2(λ1 − λ4) cos(Θ) + 2
√
2(λ2 − λ3) sin(Θ)
]
=
2
√
2
√
(λ1 − λ4)2 + (λ2 − λ3)2.
(56)
In the case where nonlocality is to be found in linear
combinations of pure states of two qubits, we shall per-
form a similar analysis. Our starting point is the matrix
of expectation values of elements α · σ⊗ β · σ (52) in the
Bell basis {|Φ+〉, |Φ−〉, |Ψ+〉, |Ψ−〉}
 αzβz +Re[α
+β+] iIm[α+β+] iIm[α−βz + αzβ−] Re[αzβ+ − α+βz]
−iIm[α+β+] αzβz −Re[α+β+] Re[αzβ+ + α+βz] iIm[αzβ− + α+βz]
−iIm[α−βz + αzβ−] Re[αzβ+ + α+βz] −αzβz +Re[α+β−] iIm[α−β+]
Re[αzβ
+ − α+βz] −iIm[αzβ− + α+βz] −iIm[α−β+] −αzβz −Re[α+β−]
 . (57)
Let us consider a general pure state of the form
|φ〉 =
√
λ1|Φ+〉+
√
λ2|Φ−〉+
√
λ3|Ψ+〉+
√
λ4|Ψ−〉, (58)
with real coefficients {√λi} such that λ1 +λ2 +λ3 +λ2 =
1. We will demand the latter to be sorted in decreasing
value though, as we shall see, this is not mandatory. The
general case with complex coefficients is somewhat more
involved. However, for most practical purposes, it will
suffice to consider real states of the form (58).
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The fact of having real coefficients in (58) greatly sim-
plifies the expectation value 〈φ|BCHSH |φ〉. Its general
term term 〈φ|α · σ ⊗ β · σ|φ〉 (52) is of the form
λ1
(
αzβz +Re[α
+β+]
)
+ λ2
(
αzβz −Re[α+β+]
)
λ3
(− αzβz +Re[α+β−])+ λ4(− αzβz −Re[α+β−])
+
√
λ2λ32Re[αzβ
+ + α+βz] +
√
λ1λ42Re[αzβ
+ − α+βz].
(59)
Notice that, in view of (59), that the optimization of the
CHSH inequality for linear combinations of pure states
in the Bell basis is almost identical to the corresponding
mixed state case (differing in the last two terms of (59)).
Proceeding as before, optimization of 〈φ|BCHSH |φ〉 re-
turns the value
2
√
2
√
(λ1 − λ4)2 + (λ2 − λ3)2 + 4[
√
λ1λ4]2 + 4[
√
λ2λ3]2 = 2
√
2
√
(λ1 + λ4)2 + (λ2 + λ3)2. (60)
APPENDIX II
In this appendix we shall derive the explicit form
for the maximum amount (34) of violation of the Mer-
min inequality for a three qubit state. As expected,
since Tr(ρBMermin) is a convex function of the quantum
state ρ, its maximum is obtained only for pure states,
namely, the whole class of states forming the Mermin-
basis |Ψ±j 〉 = (|j〉 ± |7 − j〉)/
√
2. In view of this obser-
vation, we shall consider instead what is the maximum
violation attained for mixed states diagonal in this basis,
that is, states of the class ρ
(diag)
Mermin (35). Another argu-
ment for studying these states is that any initial state ρ
can be converted into one in the class by means of LOCC.
Optimization of Merminmax (34) for states ρ
(diag)
Mermin
(35) is carried out in the same fashion as in the previ-
ous bipartite case. Once the observers’ settings {aj,bj},
which are real unit vectors in R3, are parameterized in
spherical coordinates (sin θk cosφk, sin θk sinφk, cos θk),
the problem consists in finding the supremum of (34)
over the set of {k = 1 · · · 12} possible angles for
{a1,b1,a2,b2,a3,b3} in (33).
To start with, let us write a generic element of the
Mermin operator (33) of the form Bαβγ ≡ α·σ⊗β ·σ⊗γ ·σ
in the computational basis {|0〉, |1〉} defined by the z-
projections of σ = (σx, σy, σz). Bαβγ reads as
 αzβz αzβ
− α−βz α−β−
αzβ
+ −αzβz α−β+ −α−βz
α+βz α
+β− −αzβz −αzβ−
α+β+ −α+βz −αzβ+ αzβz
⊗ ( γz γ−γ+ −γz
)
,
(61)
with α± = αx ± iαy, β± = βx ± iβy, and γ± = γx ± iγy
being “rising” and “lowering” terms in the x-y plane.
Nonlocality measure (34) for diagonal states (35) is com-
puted by recourse to four Bαβγs in (61) for different con-
figurations of vectors.
The evaluation of (34) for diagonal states (35) amounts
to compute the expectation value 〈Ψ±j |Bαβγ |Ψ±j 〉 ≡
〈αβγ〉±j for all states {|Ψ±j 〉} in the Mermin basis and
several vector configurations. The positions in 〈αβγ〉±j
are such that α, β and γ correspond to the first, sec-
ond and third observer, respectively. This computation
returns
〈αβγ〉±0 = ±Re[α+β+γ+], 〈αβγ〉±1 = ±Re[α+β+γ−]
〈αβγ〉±2 = ±Re[α+β−γ+], 〈αβγ〉±3 = ±Re[α−β+γ+].
(62)
As we can observe, the observers settings can be two-
dimensional (he have no z-dependency).
From previous definitions, we now write
Tr(ρ
(diag)
MerminBMermin) as
(λ+0 − λ−0 )
[〈aaa〉+0 − 〈abb〉+0 − 〈bab〉+0 − 〈bba〉+0 ]
+(λ+1 − λ−1 )
[〈aaa〉+1 − 〈abb〉+1 − 〈bab〉+1 − 〈bba〉+1 ]
+(λ+2 − λ−2 )
[〈aaa〉+2 − 〈abb〉+2 − 〈bab〉+2 − 〈bba〉+2 ]
+(λ+3 − λ−3 )
[〈aaa〉+3 − 〈abb〉+3 − 〈bab〉+3 − 〈bba〉+3 ].
(63)
The explicit evaluation of the previous quantity can be
cast as
(λ+0/1 − λ−0/1)
[
[(ax1a
x
2 − ay1ay2)ax3 ∓ (ax1ay2 + ay1ax2)ay3]
−[(ax1bx2 − ay1by2)bx3 ∓ (ax1by2 + ay1bx2)by3]
−[(bx1ax2 − by1ay2)bx3 ∓ (bx1ay2 + by1ax2)by3]
−[(bx1bx2 − by1by2)ax3 ∓ (bx1by2 + by1bx2)ay3]
]
+
(λ+2/3 − λ−2/3)
[
[(ax1a
x
2 + a
y
1a
y
2)a
x
3 ± (ax1ay2 − ay1ax2)ay3]
−[(ax1bx2 + ay1by2)bx3 ± (ax1by2 − ay1bx2)by3]
−[(bx1ax2 + by1ay2)bx3 ± (bx1ay2 − by1ax2)by3]
−[(bx1bx2 + by1by2)ax3 ± (bx1by2 − by1bx2)ay3]
]
.
(64)
Since the Mermin inequality settings are such that it
must posses rotationally invariance (x-y plane), we are
free to fix one of them. In view of (64), we choose
a2 = (−1, 0, 0). Also, differences in each term of (64)
must be maximum in absolute value, which is compat-
ible with fixing b2 = (0, 1, 0). Further calculations im-
ply a configuration of the type {a1 = (ax1 , ay1, 0),a3 =
15
(ax3 , a
y
3, 0),b1 = (−ax1 , ay1, 0),b3 = (ax3 ,−ay3, 0)}. Ex-
pected value Tr(ρ
(diag)
MerminBMermin) greatly simplifies
from (64) into
(λ+0/1 − λ−0/1)[2|ax1ax3 |+ 2|ay1ax3 | ± 2|ax1ay3| ± 2|ay1ay3|]
+
(λ+2/3 − λ−2/3)[2|ax1ax3 | − 2|ay1ax3 | ∓ 2|ax1ay3| ± 2|ay1ay3|].
(65)
Notice that we have reduced our optimization problem
to one which entails only two real quantities. By intro-
ducing explicit angles (φ, ψ), and after some algebra, we
obtain
max
aj,bj
Tr(ρBMermin) = max
φ,ψ
(λ+0 − λ−0 )4 sinφ sinψ
+(λ+1 − λ−1 )4 sinφ cosψ
+(λ+2 − λ−2 )4 cosφ cosψ
+(λ+3 − λ−3 )4 cosφ sinψ.
(66)
The solution of (66) is obtained by recourse to the use
of convex optimization techniques [57]. We do not worry
about the signs in each term of (64) since we have chosen,
without loss of generality, the eigenvalues {λ±j } to be
sorted in decreasing value. By solving the set of equations
tanφ =
(
4(λ+0 − λ−0 ) tanψ + 4(λ+1 − λ−1 )
4(λ+2 − λ−2 ) + 4(λ+3 − λ−3 ) tanψ
)
tanψ =
(
4(λ+0 − λ−0 ) tanφ+ 4(λ+3 − λ−3 )
4(λ+2 − λ−2 ) + 4(λ+1 − λ−1 ) tanφ
) (67)
we finally obtain the desired evaluation of (34) for diag-
onal states (35). Though the final result is rather cum-
bersome, we nevertheless derive an excellent bound. In
view of the coefficients in (66) (the sum of their squared
values equals one), we provide the final result (36).
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